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ESTIMATES ON THE DISTANCE OF INERTIAL MANIFOLDS

JOSE M. ARRIETA*T AND ESPERANZA SANTAMARIAt

ABSTRACT. In this paper we obtain estimates on the distance of the inertial manifolds for dynamical systems
generated by evolutionary parabolic type equations. We consider the situation where the systems are defined
in different phase space and we estimate the distance in terms of the distance of the resolvent operators of
the corresponding elliptic operators and the distance of the nonlinearities of the equations.

1. INTRODUCTION

Many systems coming from Partial Differential Equations of evolutionary type, enjoy the property of
having a finite dimensional manifold which is smooth, invariant and exponentially attractive and carries
over all the asymptotic dynamic information of the system. All bounded invariant sets (equilibria, periodic
orbits, connecting orbits, attractors, etc) lie in this invariant manifold. The existence of these manifolds is
proved once we guarantee that the associated linear elliptic operator of the system has large enough gaps
in the spectrum and it is obtained through an appropriate fixed point argument. Proving that we have
these gaps is one of the major difficulties of the theory, but still there is a class of equations (for instance,
one dimensional parabolic equations) for which these inertia manifolds exist and once they exist, we can
reduce the system to a finite dimensional one, for which more techniques are available. We refer to [4] [16]
for general references on the theory of Inertial manifolds. See also [I5] for an accessible introduction to the
theory. These inertial manifolds are smooth, see [7]. We also refer to [I1], 0] [3, 16} [5 [§] for general references
on dynamics of evolutionary equations.

Just because of the relevance of these manifolds, it is very important the analysis of its behavior under
perturbations of the equation. Identifying the kind of perturbations allowed so that the inertial manifold
persists and estimating the distance of the inertial manifolds is an important task which have implications
in the analysis of the dynamics of the equations. One of the first examples in which an analysis of the
persistence of inertial manifolds was carried over was in [I0], where the dynamics of a parabolic equation
in a thin domain is analyzed. This paper has been one of the main motivations for our work. In the
case treated in [I0], the limit equation is one-dimensional for which the gap condition is satisfied since the
elliptic operator is of Surm-Liouville type and spectral gaps are known to exist. The inertial manifold of the
limiting one-dimensional problem is proved and after an analysis of the continuity of the spectrum under
this perturbation, the inertial manifold is lifted to the perturbed 2-dimensional problem in the thin domain.
An estimate of the distance of the inertial manifolds is provided, although it is not as sharp as the one we
obtain in this paper. Also, some general results on persistence can be found in [4], and also in [12], where
the results are more focused on the numerical approximations of the equations. More recently some results
on the behavior of these manifolds under perturbation of the domain have appeared [13], [I7], although they
do not provide estimates on the distance of the manifolds.

In this work we provide estimates on the distance between the inertial manifold of a system and the
inertial manifold of a perturbation of it. The systems may have different phase space (so we may apply
these techniques to domain perturbation problems) and the distance is estimated in terms of two parameters
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2 J. M. ARRIETA AND E. SANTAMARIA

only: the distance of the resolvent operators of the elliptic part and the distance of the nonlinearities of the
equations, see Theorem [2.2

We describe now the contents of the paper.

In Section |2 we introduce the notation, the main hypothesis that we will impose, (H1) related to the
convergence of the resolvent operators and (H2) related to the convergence of the nonlinarities. We also
state the main result of the paper, Theorem [2.2]

In Section [3| we analyze the behavior of the linear part of the equations. We show the convergence of the
spectrum once the resolvent convergence is imposed and obtain different estimates on the linear problems.

In Section [ we obtain the existence of the inertial manifolds. To accomplish this task we apply the results
from [16].

In Section [5| using the implicit definition of the inertial manifolds (given as a fixed point of an appropriate
functional) and with the estimates of Section [3| we prove the main result.

2. SETTING OF THE PROBLEM AND MAIN RESULTS

Let Ag be a self-adjoint positive linear operator on a separable Hilbert space Xy with domain D(Ag), that
is Ap : D(Ap) C Xo — Xo. We denote by X§, with « € [0, 1], the fractional power spaces associated to the

operator Ag and || - || its norm, defined in the usual way, see for instance [111 [g].
We consider the following evolutionary problem,
0 0 0
up + Agu’ = Fy(u?),
P ity < % &1

with Fp : X§ — Xo certain nonlinearity guaranteeing that we have global existence of solutions.
We also consider a perturbed problem,

(P){ uf + Acu® = F.(uf), 0<e<eg

we(0) € X2, (2.2)

where A, is also a self-adjoint positive linear operator on a Hilbert space X, that is A. : D(A4.) = X! C
X. — X., and the nonlinear term F, : X& — X, is another nonlinearity guaranteeing also global existence of
solutions of . We will impose appropriate hypotheses on F; and A, so such that problem (P.) converges
to (Py) as € tends to 0 in some sense.

Since our aim is to compare different aspects about the dynamic of both problems, and and
these dynamics live in different functional spaces X, and X., we will need to compare functions from Xy and
X., (X§ and X, respectively, with « € [0, 1) fixed above). So, we assume the existence of linear continuous
operators, F and M, such that,

E: Xy — X, and M : X, — X,
and,
E . X§— X2, and M|, : X — Xg.
0 €
We will assume they are bounded uniform in ¢ and without loss of generality we will assume
1E] £(x0, x5 1M ] £(x.,x0) < 2 12l ccxg,xo)s 1M ] 2(xe,xg) < 2. (2.3)
We also assume these operators satisfy the following properties,
MoFE=1, |Euollx. — lluollx, for wug € Xo. (2.4)

We will also assume that the family of operators A., for 0 < e < g¢, have compact resolvent, that is, the
resolvent operators are compact for all A € p(A.) where p(A.) is the resolvent set of A.. This fact, together
with the fact that the operators are selfadjoint, implies that its spectrum is discrete real and consists only
of eigenvalues, each one with finite multiplicity. Moreover, the fact that A, 0 < e < g, is positive implies
that its spectrum is positive. So, we denote by o(A.), the spectrum of the operator A., with,

o(As) = {102, and 0<c<AT <A <. <A <.

and we also denote by {5}52; an associated orthonormal family of eigenfunctions.
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With respect to the relation between both operators, Ag and A, we will assume the following hypothesis

(H1). With « the exponent from problems (2.1) and (2.2), we have
|A-" — EAG M| 2(x. xo) =0 ase — 0. (2.5)

Notice in particular that from (2.5) we also have that ||AZ'E — EAO_1||L(X07X¢;) — 0ase — 0. Let us
define 7(¢) as an increasing function of € such that

IAZE — BAG | £(x0,x2) < 7(e). (2.6)

With respect to the nonlinearities Fy and Fy,

(H2). We assume that the nonlinear terms F, : X — X, for 0 < e < g, satisfy:

(a) They are uniformly bounded, that is, there exists a constant Cr > 0 independent of € such that,
[ Fello(xa,x.) < Cp.

(b) They are globally Lipschitz on X with a uniform Lipstichz constant L, that is,

[Fe(u) = Fe(v)l[x. < Lpllu— vl xe. (2.7)
(¢) They have a uniform compact support in € > 0: there exists R > 0 such that

SuppF. C Dr = {u. € X2 : |luc|[xe < R}.

(d) F. approaches Fy in the following sense,

sup |[Fe(Euo) — EFo(uo)|x. = p(e), (2.8)

uoeXg“

and p(e) - 0 ase — 0.

As we will see below, the convergence of the resolvent operators given by hypothesis (H1) guarantees the
spectral convergence of the operators, that is, the convergence of the eigenvalues and the eigenfunctions (or
eigenprojections). This implies in particular that if we have a gap on the eigenvalues of Ay, we will also have,
for € small enough a similar gap for the eigenvalues of A.. This fact, together with the uniform estimates
on the nonlinerities F;. given by hypothesis (H2), guarantees that we may construct inertial manifolds of
the same dimension for all 0 < e < gy. We will follow the Lyapunov-Perron method, as developed in [I6] to
obtain these inertial manifolds M., 0 < e < gy. As a matter of fact, consider m € N such that A%, < XY .,
and denote by Pg, the canonical orthogonal projection onto the eigenfunctions, {¢5}7,, corresponding to
the first m eigenvalues of the operator A, 0 < ¢ < ¢g and Qf, its orthogonal complement, see and
. For technical reasons, we express any element belonging to the linear subspace P¢, (X, ) in the following
basis,

{an(EQD?>7an(E(Pg)7 ) an(E(pgp)}a for 0<e<e,

with {9}, the eigenfunctions related to the first m eigenvalues of Ag, which will be seen below that is a
basis in P£,(X.) and in P, (X2). We will denote by 1f = P2, (E¢?).

Let us denote by j. the isomorphism from P, (X.) = [¢5, ..., ¥5,] onto R™, that gives us the coordinates
of each vector. That is,

Jje : P (X)) — R™,

We > D,

(2.9)

where w, = Y7" | piYbS and p = (p1, ... Pm)-
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We denote by | - | the usual norm in R™,

-

= (pr> , (2.10)

and by | - |, the following one,

-

fla = (Zp?(A?)2“> . (211)

We consider the spaces (R™, |- |) and (R™,]|-]|,), that is, R™ with the norm |- | and | - |4, respectively, and

notice that for wy = >0, piY? and 0 < o < 1 we have that,
lwollxg = ljo(wo)la- (2.12)
With this notation, if we define the set Fy, as:
Fi= {0 R™ - Q4 (X?), suchthat [[.(5") = &.(5)|xz < LIP' — Pl 552 € R,

and supp ®. C Br}.

Then we can show the following result.
Proposition 2.1. Let hypotheses (H1) and (H2) be satisfied. Assume also that m > 1 is such that,

A1 = Am 2 12Lp [(A0)% + (A7,41)7] (2.13)
and

A > 24Lp(1— )t (2.14)

Then, there exist L < 1 and €9 > 0 such that for all 0 < e < gg there exists an inertial manifold M. for
and , given by the “graph” of a function ®. € Fy .

Remark 2.1. i) Observe that the gap condition is stated for the eigenvalues of the limit problem. In
particular, this tmplies that the inertial manifold is obtained of the same dimension m for all values of the
parameter 0 < e < gg.

1) We have written quotations in the word “graph” since the manifold M is not properly speaking the graph
of the function ®. but rather the graph of the appropriate function obtained via the isomorphism j. which
identifies R™ with P, (X2). That is,

M. ={j=(p) + ®(p); PER™}
The main result we want to show in this article is the following:

Theorem 2.2. Let hypotheses (H1) and (H2) be satisfied and let 7(c) be defined by (2.6). Then, under
the hypothesis of Proposition[2.1], if ®o, ®. are the maps that give us the inertial manifolds, then we have,

[ = E@ol| e mm,xe) < Clr(e)[log(7(e))] + ple)], (2.15)

with C' a constant independent of €.

Remark 2.2. Observe that the estimate consists of two terms, 7(g)|log(7(e))|, inherited from the
distance of the resolvent operators and p(e) inherited from the distance of the nonlinear terms. The factor
|log(7(¢))| seems to appear because of technical reasons. A better estimate would be ||®c — E®q|| o (mm xa) <
Clr(e) + p(e)], which we have not been able to show, although it is very plausible that this would be true and
it should be the optimal rate.
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3. LINEAR ANALYSIS AND SPECTRAL BEHAVIOR

The spectral decomposition of the operator A. implies that if A € p(A¢) then,

1
(A= Ac) U*ZA 3 (1 #0)e

In particular, for ¢ > 0,
1 1
A=A < S A S
0= A0 Necw. e < ma{ g N €0} = ot
and if we denote by
Sa.o ={A€C: ¢ <l|arg(A —a)| <7},
then,

I = A) "M leexe x.) < VA€ Sa g

Al +1
with C independent of €.

For a > 0 and for all 0 < & < &, let A5|Xg XHe ¢ X — X2, with domain X2+* C X!, be the
restriction of A, to the fractional power space X& C X, so that,

Acu=A. ) ou Yu € X1t

€lxg

Then A xg
also obtain the estimate

is also a sectorial operator on X and with a similar spectral decomposition as above, we can

1

I - AE -1 [e1 a < _—
[[(A ) lexe xe) < disiOn o (A)

0<e<ep.

and the following estimates holds, see [§],

C
717 0<e
Al +1
for A € S,,4, where S, 4 is the sector of sectorial property of A, and C; > 1 independent of €.

(AL — Asrl”L(Xg,Xg) < < e

Moreover, since A is a sectorial operator, —A. is the infinitesimal generator of a linear semigroup that
we denote as e~ <t where,

1
—Act _ 1 At
et = M+ A dA
€ T omi ( +A) e ’

with I" a contour in the resolvent set of —A,, p(—AE), with argA — %60 as |\| — oo for some 0 € (5, 7), (see
[11]). Since A., € > 0, is a self-adjoint operator, the formula above is equivalent to

u—Ze (u, ) 5. (3.1)

Moreover, we have the following result.
Lemma 3.1. We have the following estimates for the linear semigroup
le™ < | o(x. x.) S e <1,
and,
e <N, ey < €7 (max{ag, $3)7
fort > 0.
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Proof. With the expression of the semigroup given by (3.1, we get

le™ < ullxz = <Z e PN (u, wf)z(kf)2‘1>
i=1

The function f(A) = e A attains its maximum at A = ¢. Then, we have to distinguish two cases:

If ¢ < Af, we obtain

2

le™ < ullxe < e 1HAG)ful x.

And if XS < &,

B _an@ _hep (O
le™ < u xo < e (?) lullx < e™f (?) lullx.
That is,
J— - H a “
le= A<t xo < et (maX{Xiq}) [lullx. -

In the same way, since

oo 2
le™Aetul|x, = (Ze—”f%wf)?) ,
=1

then, we obtain,
||6_A5tu||Xz S e_kitHunxa‘

This concludes the proof of the result. |

With respect to the relation of the spectrum we have the following result.

Lemma 3.2. If Ky is a compact set of the complex plane with Ky C p(Ag), the resolvent set of Ag, and
hypothesis (H1) is satisfied, then there exists o(Ko) > 0 such that Ko C p(Ae) for all 0 < e < go(Kp).
Moreover, we have the estimates:

I = A) "M 2ex..xey < C(Ko), I = A2) " Hzex..x.) < C(Ko), (32)
for all A € Ky, 0 < e <ep(Kp).

Proof. Let us start by showing the following: if A, € p(A.,) with (e, ] — A-,) 7 Hle(x., xa ) = kn,
kn — 400 as n — +o0o, and A, — Ao, then Ay € o(4p).

Then, assume there exists a sequence {\., } € p(A.,) with ||(A;, I — Aan)_lﬂﬁ(x%,xgn) > ky,, and such
that A, — Ao as e, — 0, for some \g. This implies that there exists f., € X., with ||f.,
we, = (N, I — Ac,)) 7' fe,, then [Jue, || xa — +o0.

If we define ue,, = we, /||we, [|xe then AeUe, — Ac,te, = fe,/||we, | xe , which implies

x., = 1 and if

fen
Asnusn = )\Enugn — m
enllX2,
Let 4., € X§ satisfy the following equation,
X Mf.,
Aougn = )\SnMusn — m (33)
En ?n
If we study the norm of the right side, since % ’ — 0, we have, by l}
nllxe |l

Mfe,

[we, [Ixa,

Mfe,

e, Mu, —_—
En En ||wsn ||Xgn

<C.

Xo

< 2, [lue, [|x., +
Xo
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So, {1.,} C X§ is a compact family. Then, there exists a g € X§ and a subsequence, we denote it again as
tc,,, such that @, — o in X§, as &, — 0. Moreover, by hypothesis (H1), we have, [ju., — Eic,||xa — 0.
And,

lwe, — Etollx., < |ue, — B, |x., + [|Ete, — Egllx., <

< lue, = Plc, [Ix., + 2llae, —dollx, — 0.

So, again by (2.3),
|[Mue, —dollx, = [|M(ue, — Edo)l|x, < 2|ue, — Edollx., — 0.

Mfs,,

—_ =
Twen Txe.

Hence, via subsequences, A\., Mu., — Aol in X for some 4y € X§. Also, from the definition

of u., we have that |luc,[|xe =1. Then 1 = [juc,[[xe < [luc, — Edolxe +|[Elollxe < |lue, — Etollxe +
2||do||xg - But since ||luc, — Edol|xe — 0 then [|do[|xg > 0 and hence 4o # 0. So, from equation (3.3) and
the above estimates, we obtain Agty = Aotig, which shows that Ag € o(Ap).

Next, we apply this result to prove our lemma. For the first part, we proceed as follows. If Ky No(A,)
is non empty for € small enough, then there exists a sequence ¢,, — 0 and 5\571 € KonNo(A.,). Since the
spectrum of A, is discrete for all &, for each n we can choose A., € p(A., ) such that |A., — A | < L and
(A, I — Aern)_lnll(Xsn,X;’n) > k,, with k, — 400. Moreover, since K is compact, there is a subsequence
j\gn with /A\gn — Ag and Ag € K. Then, we have just proved that, Ao € 0(A4p). This is a contradiction. So,
KonNo(Ae) is empty, and then Ky C p(A.) as we wanted to prove.

To obtain the desired estimates, suppose there exist sequences {\,} € Ky and {e,} with ¢, — 0 as
n — 400 such that,

|| (AnI - Asn)71 ||L(X

with k, — +oo. Since Kj is a compact set, there exists a Ao € Ky and a subsequence {\,, } € Ky with
)\nk — Ao, A\g € Ko, and

emn

X?‘n) Z kn,

[An = Ac, )7 Hlex

Then, we have proved above that, A\g € 0(Ag). This is a contradiction because A\g € Ky C p(Ap). So, we
have for A € K,

X ) > knk

enp e,

IO = A2) "Ml zx. xe) < C(Ko), IO = A) " Mlex. x.) < C(Ko).

This concludes the proof. |

Remark 3.3. The result just proved implies the uppersemicontinuity of the spectrum: if A. € o(A.) and
Ae = Ao (via subsequences) then \g € o(Ap).

Now we want to estimate |[(A] + Ac) ' E — E(A + Ao) ™| £(x,,x2). We have the following result.

Lemma 3.4. With the notation above, if A € p(—Ag) and e is small enough so that X € p(—A.) and
hypothesis (H1) is satisfied then,

[+ A) T E — B + Ao) ™l 2(x0,x2) < C5(N)7(e),

where C§(N\) = (1 + M) (1 + M) and 7(g) is defined by (2.6).
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Proof. First of all notice that from Lemma if A € p(—Ap) then A € p(—A.) for € small enough. Hence
(M + A.)~tand (M + AgI)~! are well defined for all A € p(—Ap).
We are interested in estimating,

(AL + A.)""E — E(M + Ao)_1||L(XO,Xg)-
The first thing we are going to do is to show the following identity:
M +A)TE—EN 4+ Ag) ' = [T — M+ A) 7 IN(AZLE — BEAGYH[T — MO+ Ag) Y. (3.4)
First, note that

(I+ AN — (Ac + M) =1, (3.5)
then,
(T + AN+ A) P =A0
Hence,
I+ AN [(M+A)'E— E(M + Ag) '] =
=AT'E - EM+ Ag) ™' — AZTAE(N + Ag) L.
Since,
E 4+ Ag) "' = EAy' — EAG '+ E(M + Ag) ™' = EAGY — EAGY [T — Ag(M + Ap) Y] =
= FBA;" — EA; (Ao + A1) 71N,
we have,

I+ AN [(A[+ Ao)"E— E(M + Ag) '] =
=AT'E -~ AZTENAT + Ag) Tt = BEAGY + EAGM[(Ag + M)A =
= (AZ'E — EAGH[I — MM + Ag) Y]
By (B.5), [I — MA- + AM)7Y(I + AZ'A) = I, then we obtain the desired identity (3.4),
(M +A)T'E—EN+ Ag) ™ = [T = MNA: + M) 7H(ATYE — EAGH[T — M+ Ag) 7).
Hence, since hypothesis (H1) is satisfied, we obtain the desired estimates,
ML+ A) ™ E = B(M + Ao)Hl2(xp.x2) <
<N = A(Ae + ADlexz xe) |47 B = BAG lLexoxs I = A + Ao) ™ lexo o) <
= <1 * dist(A,2|(As))> () (1 - dist(A,li(Ao))) '
This concludes the proof. |

We can easily show now,

Corolary 3.5. (i) If Ko C p(—Ao) as in Lemma[3.4 and X_, 4 is the set of the complex plane described by
Y ap={AeC:largA\+a)| <m— ¢},

then, B
sup  C5(\) < Cs.
AEKoUX _4 ¢
(ii) If we take a =0 and ¢ = T then
1 2
5 < _— < . .
s\ < (1 + sin(¢)) <6, forall X€Xg= (3.6)

Remark 3.6. Note that, although C5(\) depends on e, thanks to the continuity of the eigenvalues, see
Remark[3.3, we can consider it uniform in €.
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The estimate found in Lemma will be applied to obtain estimates on the distance of the spectral
projections and estimates on the distance of the linear semigroups generated by Ap and A.. Let us start
with the spectral projections.

Let us assume that for some m = 1,2, ... we have A9, < XJ ; and as we have mentioned in the introduction,
we denote by {¢5}7, the first m eigenfunctions of the operator A., 0 < ¢ < ¢y and by P, the canonical
orthogonal projection onto the subspace [, ..., ¢S ], that is, if 0 < e < &g

P X. — X,
(3.7)
v — PL(v) =20 (v, 9) x5
orif e =0,
P'IO.‘,l : XO I XO
(3.8)
v — PRL(v) =30, (v, 90) xo 4]
Notice that in a natural way, the projections may be defined in the intermediate space X and, since it is a

finite linear combination of eigenfunctions, its range is contained also in X¢'.
We have the following estimate.

Lemma 3.7. Let {P%, }o<c<c, be the family of canonical orthogonal projections described above, v € Xy, T’
a curve in the complex plane which contains the first m eigenvalues of —Ag and hypothesis (H1) be satisfied.
Then,

[PLE(v) — EPR(v)]xe < Cpr(e)|vllx,,
with Cp = % supyer C5(A), |T'| the length of the curve I' and C§ is given in Lemma .
Proof. Let T be the curve mentioned above. From Lemma [3.2] taking Ko = I', we have that I' C p(—A.) for

0 < e < gp(T") with g9(T") small enough. The spectral projection over the eigenspace generated by the part

of the spectrum of —A. contained “inside” the curve I' is given by
1
Pi=_— [(A.+ D)7\, with AeT, 0<e<e,.
2wt Jr

Therefore,
P2E0) - BP0 < 51 || [ IO+ 407 B ) = BT+ 400l 03
Applying now Lemma [3.4] we obtain
IPFE(v) — EPR(v)] xo < %|F|§EIF)C3(/\)T(€)||U||XO = Cp7(e)[v]lx,- (3.9)

Since the curve T encircles only the first m eigenvalues of —Ag, then we know that P2 = P9 | that is, the
projection over the first m eigenfunctions. This implies that Rank(P2) = m and from (3.9), we also have
that Rank(P%) = m and therefore we also have P§ = P¢,. Hence, (3.9)) proves the result. |

Remark 3.8. If we have the gap X5, | — X5, > 2, which is not very restrictive in light of conditions (2.13)),
we construct the curve I' as the rectangle which contains the first m eigenvalues of —Ag described as follows,

r=rtur?uriur,

where,
I''={\eC:Re(\) = -\ 41 and |[Im()\)| < 1},
I?={AeC:-A\) —1< Re(\) < -\ +1 and Im(\) = 1},
I ={\eC:Re(\) =\ —1 and [Im(\)| <1},
and,

M={ecC: -\ —1<Re(\) < -AV 41 and Im(\) = —1}.
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By Lemma taking € > 0 small enough, the rectangle T’ contains the first m eigenvalues {\S} . Then,

it is easy to see that
Cp < 24(X,,)°.

We can also obtain good estimates for the linear semigroups.

Lemma 3.9. Let hypothesis (H1) be satisfied. If we denote,
19(t) := min{t ' 7(e), 7}, t>0 and a€l0,1)

(3.10)

then,
le=*<'E — E€7A°t||£(XO,Xg) < 3IE(1).
Proof. Let ¥ 4 = {\ € C: |arg(\)| < m — ¢}, with ¢ = 7, and let " be the boundary of ¥ =, that is the
curve consisting of the following segments I't and T'2,
P=T'UT% = {re "9 : —co<r <0}U{re'™ % :0 <r < +oo}

oriented such that the imaginary part grows as A runs in I'. We know that,

e At — Bem Aot = i / (M + A.)'E — E(M + Ag) 1) eMd.
r

2m
So,
_ _ 1
le=4<'FE — Ee AUtHL(XO,Xg) < o ‘/ Cst(e)|eM|dN],
™ |Jr
with C3 = supycp C3(\). Since A € T,
|e)\t| — |e(—re*i(7r*¢))t| — e(r(z()s(¢))t for — 50 S r S 0’ = Fl
and,
|e)‘t| _ |e(re'i(7r7¢>)t| — e(—rcos(¢))t for 0 S r S _’_007 A c I“Q.

With this,
— — 2 > —Trcos
He Astp _ Fe AOtHL(XO,Xg) < %037'(8)/ el (Nt e,
0

We make the change of variables (rcos(¢))t = z, and then,
Car(e)t™!,

1 1 1

— At — Aot -z

E — Be4o oy < =C:

lle e l2(xo,x2) = 57(¢) cos(¢)t/0 € a wcos()

with C3 = supyr C3(A) < 6 and, for ¢ = 7, wc%(@ < 3.

On the other hand,
le™ A B — Be™ | £(x xoy < lle” A" Bl £(xo,x2) + 1 Be™ | £(x,x2))-

Then, by Lemma and ([2.3)),

e At E — Ee_A”t||L(X07Xg) < 2t (max{)\i, %}) +2e7 Mt (max{)\i, %}) < ge Mt (max{)\‘i, f})
|

This shows the result.
For further analysis we will include here some properties of the function [2(¢) that will be used below.
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Lemma 3.10. Let 0 <~v <1 and a > 0. If we consider, for allt > 0,
19(t) := min{t ' 7(g),t 7}, with 0<a<1, and 7(e) — 0,

e—0

then, we have the following estimates,

' —vja 2 -y
/0 (b= )12 ($)ds < oyt (1ToB(9) + [1og(r(€)) r(e),
/0 12 (5)ds < —— (|1og(0)] + | log(r()))7 (<),

and,

/OO 1309 (8)ds < ——|log(r(e))|(e),  if a> 1.
0 l-«a

Proof. To prove the first estimate, we divide the analysis in several cases. First, if 0 < t < Qh(s)ﬁ, we
have

¢ ¢ 1
/ (t—s)7712(s)ds < / (t—s) Vs s =t T2 / (1—-2)"727%z
0 0 0

where we have performed the change of variables s = ¢z in the integral. Hence,
t
/ (t —5)" 1% (s)ds < Ct™7t7> < Ct™7h(e).
0

Second, if Qh(s)ﬁ <'t, then

t h(e)T-a t/2 t
/O(t—s) le(s)dsg/o (t— ) s ds—i—/h (=) s h(a)ds—i—/ (t— )75~ h(e)ds =

1(e) T—o t/2
L+ 1+ Is.
We study each term separately. For the first one, I;, note that if ¢ > 2h(s)ﬁ and s € [0, h(e)ﬁ] then

t—SZ%.SO,
P\ T ph(e)TE 1
L < (2 —ds < 27t h
([ et

Iz < (1/2) 7 (log(t/2) ~ log((e) %)) h(e) < 21477 (| log()] + ——— log(h(=)) Dh(c),

I <1 /1 (1= 2)"72 " Ldzsh(s) < ——+Th(e) < —— — 1 _4=h(e)
= 1/2 T l-y Tl-vl-a .

Putting together the three estimates we show the desired estimate,

' —yjo 27 -
/O (8= 5) (s < st~ ([ log(0)] + |og(A(=)) Dh(e).

For the second estimate, we proceed as follows,
1

t h(g)T—a
/ e—aslg(s)dsz/ e~ as —ad8+/ e~ as _1h( )7
0 0
! ) ostt) - (12 >log ))‘s

T 1l-«
< 7 (llog(®)] + [log(h(e)) A(e),

as we wanted to prove. For the last one, we erte,

00 h(e)ﬁ 1 0o
/ el (s)ds = / 5" %ds + / . s th(e)ds + h(s)/ e s s =
0 0 h(e)T—= 1

h(e) + e~ahEO T
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_ h@)-%11(yk%UKd)h@)+€;ah@)§(41_20

| log(h(e))[h(e).

11—«

Note that, if @ > 1 then,
e 2
/ e 2 (s)ds < ——]log(h())|h(e).
0 1l -«
This concludes the proof of the result. |

Remark 3.11. Ift =1, the first estimate is simplified to

t - o
[ =961 < S s os(@)h(e) (3.11)

4. EXISTENCE OF INERTIAL MANIFOLDS

Our objective in this section is to construct inertial manifolds M., for each 0 < & < ¢p, which will be
invariant manifolds for the semi flow generated by and , therefore proving Proposition For
this purpose, we will use the Lyapunov-Perron method, see [16]. This method consists in constructing the
inertial manifold as the graph of a Lipschitz map, which is obtained as the fixed point of an appropriate
transformation. For that, observe that Lemma [3.2] and Remark give us that if the operator A has
spectral gap, then the operator A. will also have it for € small enough. This spectral gap is essential in the
construction of the inertial manifold.

To obtain these inertial manifolds M., 0 < e < &g, consider m € N such that X}, < A9 ., (and therefore
A5, < A5,4q for € small enough) and denote by P, the canonical orthogonal projection onto the eigen-
functions, {5}, corresponding to the first m eigenvalues of the operator A., 0 < ¢ < g and QE, its
orthogonal complement, see and . The Lyapunov-Perron method obtains M. as the graph of a
function ¥, : P{, X — Qg X< which is obtained as a fixed point of the functional

0
(Te®e)(p’) :/ Mt QL FL (p(s) + We(p(s)))ds, (4.1)

—00

where p(s) € [¢5, ..., ¢S,] is the globally defined solution of

{ pr = —Ap+ anFa(p + \Ile(p(t)))
p(0) =p°.

Following [I6] it can be seen that:
Proposition 4.1. Assume hypotheses (H1) and (H2) are satisfied. If m is such that

Ma = A = 12Lp (N, 11)% + (A5)°]

ANV = > 24 k(1 —a)~t

then equation (2.2)) has an inertial manifold M. given as the graph of a Lipschitz function U, : [¢5,..., 5] —
Q5. X satisfying

supp(Ve) C {¢ € P, X7, ol xe < R}
[We(p)|lxe < Lo

[ (p) — U (p) xe < Lillp — p'l|xe

for certain Ly, Ly independent of €.
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Proof. Observe that if m is such that the gap conditions of the proposition hold, then for ¢ small enough we
have

M)t >120p(1 — )7t

A1 = Am = 6Lp[(AS, 1) + (A5,)]

which are the gap conditions needed in [I6] to obtain the inertial manifolds for each & small enough. |

(4.3)

With the definition of the isomorphism j., (2.9), we may define now the inertial manifolds &, : R™ —
Q:, X as ®. = ¥, o j- L. Notice also that since V. is a fixed point of T, then the function ®. satisfies,

0
(Teb)) = [ M UWQEE(p(s) + (e lp(5)) s, (14)
where p(s) is the solution of ([4.2) with p¥ = j=(p°) or equivalently, p(s) is the solution of

{ bt = _Asp + anFE(p + cI)e © ]5(p(t)))
p(0) =51 (0°).

It is an easy exercise now to show that these functions ®. are the inertial manifolds from Proposition

(4.5)

5. RATE OF CONVERGENCE OF THE INERTIAL MANIFOLDS

Once we have proved the existence of the inertial manifolds M., € > 0 and therefore we have fixed the
value of m, we are interested in obtaining the rate of convergence of these inertial manifolds as ¢ — 0. To
accomplish this, we will need to subtract the integral expressions for e = 0 and £ > 0 and make several
estimates on these differences. Therefore, we will need first to obtain good estimates on the behavior of the
semigroup acting in the spaces Pg, X& and Qf, X

Lemma 5.1. Let hypothesis (H1) be satisfied and T a curve in the complex plane which contains the first
m eigenvalues of —Agy. Then,

le=4<'PE, B — Be™"PY, | £(x,.x2) < Cae™Cmtir(e), t<0,
with Cy = SUP)\GI‘ C5(N)-

Proof. Let us consider the curve I' as the rectangle which contains the first m eigenvalues of —A( described
as follows,
r=Ttur?uriur,

where,
M ={\eC:Re(\) = -\ +vand [Im(\)] <1},
1“2:{)\6((2-—)\0 v < Re(\) < =A) + v and Im()\) = 1},
={\eC: Re(\) = -\, — v and |[Im(\)| < 1},
and,

M={AeC: -2\ —v<Re(\) < -\ +vand Im(\) = —1}.
We know that,
e AP E — BemA0tpY = % /F (M +A)'E = E(M + Ag) ") eMdA.
So,
e~ A8, ~ B P ey < 5= [ IO+ 497 = BT+ 40) e, xo |e¥la)
Applying Lemma[3.4] for ¢ < 0 we have,

r
||€A€tanEEeAOtPg]HL(XO,Xg)S27T|§1€1¥C§(>\)T(5)§1€11F36R6(A = ChemMtir(e),

with Cy = sup/\er C5(A) and |T'| the length of the curve T
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With respect to the behavior of the linear semigroup in the subspace Q%, X<, notice that we have the
expression

o0

—AQLt,, —ASt £\ €
Aty = 3 e N, )t
1=m-+1

Hence, following a similar proof as Lemma [3.1] we get
le™ <t £ox, xy < e Amt,
and,
&4 @n e, ey < €7 (ma{Xe, 0, T (5.1)

for t > 0.

Before continuing, we now present technical lemmas henceforward needed.

Lemma 5.2. Let a be a positive constant, a > 0, a € (0,1) and A > 0 a positive real number. We have the
following estimate,

/ e~ (max{)\, g})a ds < (1 —a) At Xt
O S

Proof. Let oo € (0,1) and A a real positive number. Then we know that

So,

e

/00 (max{/\, %})a e~ ¥ds = /X (j)a e "*ds+ b A% Yds =
0

0

% oo
= aa/ s %e %ds + X"/ e ¥ds =
0 [e 3

Ry

a“ (%)170& (1—a) P+ X% Tat <

< (1 _ a)—l/\a—l + )\oza—l7

as we wanted to prove.

u
Now, with respect to the comparison of both semigroups e~“<* and e=4°! in Q5 X and Q% X, we have
the following estimates,

Lemma 5.3. Let hypothesis (H1) be satisfied. If, for t > 0, as before we denote by
19(t) := min{t '7(e),t7},
then, for each v > 0 small, m € N and t > 0,

e Qe — Be=491Q0, |, ey < 3o~ Phen =02 1),
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Proof. From Lemma and Remark we know that there is a real number ¢y = 50(m) such that, for
0 < e < gg, there is a gap between the mth-eigenvalue, —A;,, and m + 1- eigenvalues - m+1v of —A.. We
denote by I'y, the boundary of 3 4 = {A € C: |arg(A —b)| < 7 — ¢}, with ¢ = F and b= —A) | +v. That
is,

L =T, UT2 = {b4re ™9 —co <r <0}U{b+7re! ™9 0 <7 < 400},
oriented such that the imaginary part grows as A runs in T.

With this,

1
e_AEthnE — Ee_AOtQ?n = —

1 —1\ At
= (A+A) " E — E(\ + 4Ag) 1) eMa.

Then

)

le=='Q5,E — Ee= ' Q| £(x0,x2) < '/ (A+A)T'E = EOA+ Ao) ™) lleixo,xo) e dA|

/ leM|dA] .
r2,

applying Lemma

SuPxer,, C3(M)7(e)
2T

le™ 4= QE, E — Ee™4' QY | (xp. x2) <

/ |e)\t ‘d}\ _ SupAEFm 03 ()\)T(E)
T ™

Since A € T2,

|6)\t| b rcos(d)))t

So,

— - sup 03 T\& > —7rcos —i(m—
e QR — Bt QQ ey < 2L BT [T oreon ity
0

We make the change of variables (—b + rcos())t = z,

e *dz =

. . supyer, C3(\)7(e) [
le™ At QE,E — Be™ ' Q0 || £(xp,x0) £ — 25

meos(P)t
_ SUPser, G5V >tfle(”9n+1+”>t7(s) < 3t~ LAtz (o)

wcos(p)
the last inequality is obtained taking ¢ = %

On the other side, we know that,
He*AsthnE — EeontQ?nHﬁ(Xo,XS) <
le™ A QR £(xo,x2) + 1Be™ " QR £(x0,x2)-

—bt

)

Then, by (5.1)),
< 2e Amt (max{/\iﬁ.p %})a + 2 At (max{)\om+1, %})a <
< de™ Nt (max{ (A0, 1), 7)) .
So, if we put everything together,
le™<'Q5, E — Ee= ' Q, || £(x0,x0) < 3min {t~'7(e), max{(\], 1), ¢t *}} (A )t
= 3min {t_l t_"} A1)t — SZae( /\m+1+u)

as we wanted to prove.

We may show now the following result.
Lemma 5.4. Let w. € P, X, and wy € P®, Xy. Then, for € small enough and for 0 < a < 1,

|je (we) = Jo(wo)|a < 3llwe — E'LUO”Xg +3CpT(e)|lwo | x,-
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Proof. Since ¢ = P9 (¢?), then if we denote by j.(w.) = p. and jo(wo) = po

~ Bug = ZngE (E?) Ezp ! = (P5,E — EPY,) (sz %) EY (9 —p)e)
i=1
Applying the operator M and using that M o E = I, we get
S5 - p))e? = M(w. — Bwg) — M(PE,E — EPY,) <pr<p?>
i=1 I=1

Taking the X§ norm in the last expression and with (2.3), Lemma and (2.12)), we get
|Pe = Pola < 2[Jwe — Bwol|xe + 2C,7(e) |pe| < 2[lwe — Ewollxe +2Cp7(e)[p= — Pol + 2Cp7(€)[pol-

From here, we get

2 2
Pe — Pola < ———— E ——C Pol.
|pE p()‘ = 1= QCPT(E) ||w5 wOHX + 1— 2CPT(€) PT(€)|p0|
Taking ¢ small enough so that #PT(E) < 3 and since |pg| = |Jwo||x,, we prove the result. [ |

Next, we introduce some technical results.

Lemma 5.5. For every ®. € F, with L <1 and any p° € R™, if p.(t) is the solution of (4.5), we have,

- | CF __)\¢
peOllse < (12 0)se + Ggims ) 5 <0,

Proof. By the variation of constant formula for ¢ < 0,

0
()l xe < lle™ <52 (") xe +/ le= A= IPE, Fe(pe(s) + et (pe(5))) | xods
t
€ 0 €
< e i ) I xe +/ eI )  IPEF(pe(s) + e (p-(9)))llx. ds
t

0
NS 1 0 (t—s o 1o Cr xe
< + [ e I05) Crds < (150w + s ) €
t m
|
Let ®p and ®. be the inertial manifolds constructed above. If p° € R™, we denote by po(t) € P2 X§ and
pe(t) € PE,(X2) the solutions of the initial value problems, respectively,

po; = —Aopo + P2 Fo(po + ®o(jo(po))), po(0) = jo 'p°, (5.2)
and
Per = —Acpe + PLF.(p + ©:(j=(p2))),  pe(0) =i 'p° (5.3)

We have now,

Lemma 5.6. With the notations above, we have, fort <0,

1 _ . —2u € €
[P (t) — Epo(t)||xa < (12 sup [|®<(p) — E®o(p)|xe + p(e) + Ka(|t| + e t)T(€)> L HALR(AE )t

pER™

with Ko = (6(AY)*LrCp + Cy)(|p°| + Cr) and Cy is the constant from Lemma .



ESTIMATES ON THE DISTANCE OF INERTIAL MANIFOLDS 17

Proof. To simplify the notation below, we denote by F. = F.(p-(s) + ®.(j.(p-(s)))) and similarly, F, =
Fo(po(s) + @o(jo(po(s)))). By the variation of constants formula applied to (5.2) and (5.3) we get

t
pe(t) — Epo(t) = e~ <1571 (p%) — Be 55 (p°) + / (e‘AE(t_S)anFS - Ee—A0<f—S>P?nFO) ds
0

t t
- e—Aetjgl(pO)—Ee—Aotjo—l(pO)Jr/ e—A6<t—S>P;(F5—EFO)ds+/ (e=Ac(t=9)pe B Fe=A0(=5)PO ) Fyds
0 0

=h+DL+1s
Observe that, with the definition of j. and with the aid of Lemma [5.1} we get
n 0
T1llxe = [l(e”*"PE — BEe 'PR)(D_ pie))lxa < Cae” Pmtir(e)[p]
i=1

Moreover, we have

F. — EFy = Fo(p. + ®-(jc(p-))) — Fe(Epo + ®-(jc(p:)))
+F(Epo + ®<(Je(p2))) — Fe(Epo + < (jo(po)))
+Fe(Epo + @< (jo(po)) — Fe(Epo + E®o(jo(po)))
+F:(Epo + E®o(jo(po)) — EFo(po + Po(jo(po)))

which implies

IF: = EFylix. < Lrlp: — Epollxe + Lr - LIj(p2) = jo(po))la + L sup [|<(p) = E®o(p)|lxe + p(e)
pER™

Taking into account Lemma [5.4] , we get

IF> — BFo||x. < 4Lr|lp- — Epollxe +3LrCpr(e)|pollx, + Lr sup [|<(p) = E®o(p)llxz + p(e)
ﬁe m

which implies with Lemma [5.5 and using that A5, > 1,

|Fe = EFo|lx. <4Lr|pe — Epollxe +3LrCpr(e)(|p°] + Cr)e "+

(5.5)
+Lp sup [[®(p) — EQo(P)llxe + p(e)

PER™

In particular, we obtain:

0
Ifallxe < OG0 [ e I|E ~ By ds
t

That is,
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0
2]l xe < 4LF(A%)°‘/ e [pe(s) — Epo(s)llxads + (X,,)*3LrCp (5’| + Cr)lt|r()e™ '+
t

oAt
g (LF sup @ (5) — E®o(p)]xs + p<e>) i

pER™ AS,

L )&
< (s sup 1900 — E@p)l s + p(e) + Koltir()) ot
m pER™
0

HALp(AG)? / =) p, (5) — Epo(s) | xods

t
1 )¢
< ( sup |0 (p) — E®o(p)]|x2 + ple) +K1ItIT(€)) e i
].2 ﬁeR‘m

0
LALp(A) / =9 |po(s) — Epo(s)] xods

t

where we have denoted by K1 = 6(A2))*LrCp(|p°|+Cr) and we have used that A5, > 1 and (A5,)® < 2(\9,)
Finally,

0
3]l xe < 047'(5)OF/ e~ Wm ) (t=9) gg < C4T(€)Cpe*()\9n+u)t
t
Putting the three expressions together, we get

Ip-(t) = Epo()lxa < Ca(|p°| + Crr)e™Xmttr(e)+

1 - o 0 =X (t—s
(55 30 190 = BRolLxz +9(0) + Kalir(e) ) e+ 4L 05)° [0l Bz
peR™ t

Multiplying this inequality by e*=*, denoting by h(t) = e*nt||p.(t) — Epo(t)|lxe and assuming e is small
enough so that [AS, — A2 | < v, we may write
1 = = —2vt £\« 0
W) < | 13 s [19<(P) = Eo(p)llxz + ple) + Ka(lt] +e7)7(e) | +4Lr(Xe)® | hls)ds
PER™ t

where Ky = (6(\2)*LrCp + C4)(|p°]| + Cr). Applying Gronwall inequality, we get,

1 € [e3
0) < (3 5 [9:(0) = Ea(p)lx: + ple) + Kale +¢)r(e) ) e tbr 0™
ﬁe m

which implies that

1 £ =5 «@
Ip=(t) — Epo(t)||xe < (12 sup |@(p) — E®o(p)|| xo + p(e) + Ka(|t| +ezut)7(5)> o (oL (A5
pER™

which shows the result. [ |

With these results, we have all the needed tools to estimate the rate of convergence of the inertial manifolds,
proving the main result of the article
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Proof. Notice that we have

0
Do () = / e405Q0, Fo (po(s) + Po(jo(po(s)))) ds, (5.6)

and .
3.(p°) = / A QE F (pe (5) + 0. (e (p=(5))) ) ds, (5.7)

where po(s) and p.(s) are the solutions of (5.2) and (5.3)). Denoting, as in the proof of the previous Lemma,
F. = F.(p(s) + :(j=(p:(s)))) and Fo = Fo(po(s) + Po(jo(po(s))))

0
©.0) - Eo() = [ (AQGE - B QL Fy) ds =

0 0
- / eA<* Qe (F. — EFp)ds + / (e Q5 E — Be*Q0)) Fods = I + I.

— 00 — 00

With (5.1)
0
€ a « nd ~
||[1||Xg§/ Ao (max{ oy, 51) 1L — BRy|x.ds.
—o0

Now, with the decomposition as in ((5.4) and with (5.5]) and denoting by [ E®o—®P¢||oc = [[EPo—Pc| Lo (rm x2)s
we obtain

0
< a )\ @ X s
I )xe < / A (max{Moy, S}) [ALrlp-(5) = Epo(s)llxz +3LrCyr(€)(5°] + Cr)e "+

FLpl| E®y — @]l + p(e)] ds

0
€ : « @
= 4LF/ 6A77L+1‘5 (maX{AfnJrl’ *}) ||p6(8) — EpO(S)HngSJF
— 00 S

+3LrCy7(e)(|P°| + Cr) /0

— 00

ePimr1=Am)s (max{)\fn_H, g}) ds+
s

«

0 [e3
+p(5)/ eAm1® (max{)\fn+1, g}) ds
a

})a ds.

The second term in the last expression can be estimated with Lemma |5.2] since

0 € £ o
e (a0, 21 < (1= 07000 ) N = A7)

which is uniformly bounded as e — 0. Then, the second term is bounded by C(|p°| + 1)7(e) with C a
constant independent of . Similar estimate is obtained for the third term: it will be bounded by Cp(e) with
C a constant independent of e.

For the fourth term

0
c .S 5 O\ — 5 a— 5 a— — 5 a—
/ eNm1 (maX{Am-i-lv g}) <(1-a) 1( m+1) Ly ( m+1) 1< 2(1 — ) 1(>\m+1) L

— 00

Which implies that ,

S

0
+Lp||E®y — D, |00 / A8 (max{)\fn+1,

— 00

0
Lp||E®y — Pc|0o /

— 00

- «
nin® (max{Ayan, S 1) ds < 2Le(1 = a) 7 (N 0) T 1B @0 - Oeloc
S
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The first term need to be estimated with the aid of Lemma[5.6] Notice that,

(07

0 [e3%
4LF/ eMm+1® (max{)\fnﬂ, }) [p<(s) — Epo(s)||xads <
— 00

5
LF 0 € & L £ o « @
< ?HE‘I)O _ @EHOO/ eP 1= A —4Lr(A5,)%)s (maX{)\fnJrla f}) ds+
s
—0o0

0 [e3
+4Lpp(5)/ eQims1= A —4Lr (A5,)")s (rJﬂaX{)\fnJr17 %}) ds+

— 00

0
+4K2LF’T(€) /

g € € @ (¢4
Qi1 =25 —4LE(A5,))s (max{Aan, 9}) (1| + e~ 2"%)ds
oo s

With similar arguments as above, the last two terms are bounded by Cp(e) and C7(e) with C a constant
independent of ¢.

The first term is bounded by

L2 By @ (- @) () e
3 0 elloo m+1 fn+1*/\fn74LF(>‘fn)a
Putting all these estimates together, we have
L ()\E )a
Lillxe < |20p(1—a) Y02 ) P+ ZE (1 —a) 2t (e, )t mtl Ed®y—®. ||
B N B (O T o e T e Tl | L
_ _ Lr(Afg1)®
0 1 a—1 m+1

+O(Ip°| + 1)7(e) + Cple) < %HE% = @clloc + C(I2° + 1)7(e) + Cp(e)

where we have used (4.3).
Now we estimate I5.

0 0
~ 6C
[12]lxe < / I (e?°Q5, — Ee™*QY,) |l £(xo,x0) 1 Foll xods < / 3¢~ Ve =N (1) Cpdt < T £

—oo —0o0 -

7(e)[log(7(e))l

where we have used Lemma [5.3] and Lemma [3.101
Putting together the estimates for I; and I, we get

[9.7°) — B®o(7) |z < 51 — Bl + (R + 1)7(2) + Cple) + (o) log(r <)

Now since ®. and ®( are of compact support, we take the sup norm for p° with [p°| < R, where R is an
upper bound of the support of all inertial manifolds and obtain

1 6C
|2 — E®ofloo < 51E®0 — @2l + C(R +1)7(e) + Cple) + 17— —7()| log(7(e))]

which implies that
[@c — E®¢lloc < Cp(e) + 7(¢)|log(7(e))])

which shows the theorem. |
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